throughout the reduction procedure.
Despite the above-mentioned advantages of dealing with Hermitian problems, one can notice that only systems with no free energy (i.e. passive, stable plasmas) were so far formulated in the Hermitian form. The present work is devoted to the Hermitian description of a different type of a problem, i.e. that of electrostatic perturbations in interacting, inhomogeneous electron beams. The free energy in an electron beam leads to its small-amplitude perturbations exhibiting both positive and negative energy waves. We shall show that the presence of the free energy in this problem still allows the Hermitian description, but, nevertheless, lead to mode couplings different from those described previously in systems with no free energy. In particular, in contrast to embedded pairwise couplings of modes with the same energy sign, the positive-negative energy mode interactions in Hermitian systems may lead to a localized amplification of the modes (see the example in Sec. IV). The scope of the presentation will be as follows: In Sec. II, we shall formulate the simplest single beam, nonrelativistic problem in the Hermitian form. We shall apply the congruent reduction technique to this problem and generalize to the relativistic case in Sec. III. Finally, the Hermitian coupled beam problem will be considered in Sec. IV.
II. SINGLE, NONRELATIVISTIC BEAM PROBLEM
Consider a nonrelativistic electron beam propagating in the x-direction in a neutralizing ion background. Assume the following time independent one-dimensional equilibrium of the ions and electrons
where
and Eoext(x) is the externally generated electric field. Perturbing the electron equilibrium and leaving the ions stationary n,(x,t) = no (x) + n, (x, t)
we obtain the following complete set of linearized Maxwell, continuity and momentum equations describing the perturbed quantities 
4 are the small-amplitude energy density and flux of the electron beam system. 7 Our aim now is to cast Eqs. (10)-(12) into the Hermitian form (1). As a first step to this goal, we replace n 1 in (11) by the expression (17 -n 0 v 1 )/v 0 obtained from Eq.(13).
This substitution replaces (11) by
arI/at + v 0 arI/ax -noavlIat = 0 .
Now we introduce new dependent variables
Then Eqs. 
t + ax 2 dx Tt
where we use the usual notation coo,=(noe 2 /me)1/2 . Finally, we use the eikonal representation for the unknown 3-component vector Z = (E, U, 0 )T, i.e.,
Z=( =Re
Then, if (by definition)
we can rewrite Eqs. 
III. CONGRUENT REDUCTION AND RELATIVISTIC GENERALIZATION
Here, we shall apply the congruent reduction procedure 6 to the single, inhomogeneous beam problem described above. We consider the third order system i.e.,
ak dx 2 dx jr (6 This equation can be easily solved by using the usual geometric optics approach', i.e., by
yielding the solution for the slow amplitude component
The two remaining components of the original amplitude A can now be found by reversing the congruent reduction procedure, i.e., co-kvy
Finally, we observe that Eq.(37) yields two possible modes in the system. These modes differ by their energy density sign. Indeed, to the lowest order in 8 [see (29)] Q= At aD A = In =2 (41) where the upper sign corresponds to the positive sign in (37). We shall see in the next Section that the possibility of having the negative energy mode is of crucial importance when mode coupling of two inhomogeneous interacting beams is considered.
The last topic being considered in this Section is the relativistic generalization of the theory.
In the one-dimensional relativistic case the exact momentum and energy equations are
+v Y=-e2Ev ,(43) Tax) mc where the relativistic factor y (1 -v21c2)-1/2. We use Eqs.(43) and (42) and rewrite the latter as Finally, we define a new variable 
In conclusion, we see that formally the transition to the one-dimensional relativistic theory is equivalent to the replacements 
IV. COUPLED BEAM PROBLEM
Consider two coupled thin sheet beams propagating parallel to each other in x-direction with a free space separation between the beams. The coupling between the beams is assumed to be the result of the extension of the electric field in free space. We shall also restrict ourselves, for simplicity, to the nonrelativistic case.
The linearized momentum equations describing the beams can be written as
where E 1 is the electric field perturbation acting on the i-th beam. We write Eli as a linear
where either i=1, j=2, or i=2, j=1 and Eli' are the electric fields one would have for fully decoupled and infinite cross section beams, i.e., by definition, seaE' /at -ern = 0 (66)
The "heuristic" parameters Ri 2 and C2 in our model are slowly varying self-field reduction factors resulting for the thin-sheet beam i and the coupling coefficient, respectively. The rigorous derivation of the expressions for these parameters is out of the scope of the present study. Finally, we write the linearized continuity equations for the beams an/at + aTr 1 /ax = 0 (67)
or, on using n 1 i = (Fri -n oi vi)/voi , ai/t + vogrl /ax -ne; av 1 /at = 0 (68)
In order to symmetrize the momentum and Ampere-Maxwell equations (64) and (66) we now introduce new fields EIi defined by the linear transformation
where ai and $ are parameters to be related to R 2 and C2. The new fields are described by the 
The proper choice is In the final result of Ref. 8 it was stated that, based upon causality, the negative sign in theexpression for T should be used. However, this is in general not correct. In addition to causality, one must take into account the conservation of energy flux, especially in systems where the 13 small-amplitude energies may be both positive and negative. Indeed, for the two coupled waves of
Eq.(81):
t D(2)t aD() (2) J=-At 0 Tk A -A 0 5k 9Am In the Appendix we give an independent derivation of this result by solving the differential equation
for the small-amplitude beam current density in a thin-sheet beam coupled to a thin sheet plasma.
Finally, let us consider the conditions for the mode crossing in our system. First, in Fig. 1 , we show the typical dependence of k(x) (positive and negative energy mode wave vectors) on op. Obviously, the two modes don't cross ( unless, op-+ 0). In the two beam case, in contrast, the crossing is possible at a point xo at which
The only necessary condition for (88) is vol > v 02 . Furthermore, it follows from the characteristic dependences of kt on (op (see Fig. 1 ), that the crossings for the two-beam system when the beams are decelerated in the x-direction are as shown in Fig. 2 . We observe that, in some cases, two coupling events (Fig. 2b) are possible here. The analysis above was 14 related to a single crossing and initial excitation of only one mode at the entrance to the crossing. Only the crossing in Fig. 2a corresponds to this case. The crossing of the two excited modes (Fig.2b) and further flux redistribution, possibly accompanied by an additional energy gain due to the coupling, comprises a more difficult problem lying outside the scope of the present work.
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APPENDIX: INHOMOGENEOUS PLASMA-BEAM COUPLING
In this appendix we formulate and solve the differential equation for the beam current density in a weakly coupled system of a thin-sheet electron beam and a thin-sheet plasma. The two thin-sheet systems can be imagined separated by free space. They are then coupled by the fields from one thin-sheet extending to and acting on the electrons of the other thin-sheet.
We use a cold-plasma model for both sheets and assume one-dimensional dynamics in (x,t),
as would be the case in a strongly confining, external magnetic field. Also, for simplicity only, we ignore here relativistic effects. For comparing the results with Eq.(87) we consider the unperturbed beam density to be a constant, nbo, and the unperturbed beam velocity to be also a constant, vo, and in the x-direction; however, the unperturbed plasma density, npo(x), is allowed to vary in the x-direction of beam fluid.
For the small-amplitude, perturbed variables it is convenient to use the beam kinetic voltage where wpR=Rpop, and
is the permitivity function for the thin-sheet, inhomogeneous plasma. Combining (A.6) and (A.7), and letting
we obtain the sought-after differential equation: In conclusion, it should be noted that the cold beam-plasma interaction is rather singular.
When both the beam and the plasma are homogeneous, small-amplitude perturbations evolve in an absolute instability manner and the assumption of a steady state response is meaningless. When the electrons in the plasma are given a finite drift velocity in the direction of the beam (or a finite thermal spread in velocities) 9 the instability becomes convective and solving for a response at a given frequency is meaningful. For the inhomogeneous plasma and uniform beam treated in this 
